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Abstract: Let Ky, be a complete k-partite graph of order n and let Kea be a generalized 
complete k-partite graph of order n spanned by the fan set ¥ = {Fn,, Fno,-:: , Fn, }, where 
T= {n1,n2,---, ne} andn = ni +n24+---+ np for 1 <k <n. In this paper, we get the 


number of spanning trees in K, 7 to be 


k 
t(Kra) 4 nb? I[@ = ae 


i=1 


and the number of spanning trees in kee to be 


where a; = (di + \/d? — 4)/2 and B; = (di — /d? — 4)/2,d; = n — ni +3. In particular, 
Kin = Ké with t(Kiz) = 0, Knz = Kn with t(Knz) = n”~? which is just the Cayley’s 
formula and Ki, = Fr with t((Ki%) = (a"~' — B"~')/V5 where a = (3 + V5)/2 and 
GB = (3— V5)/2 which is just the formula given by Z.R.Bogdanowicz in 2008. 
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(£1, E2)-number of trees. 
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§1. Introduction 


Graphs considered here are simple finite and undirected. A graph is simple if it contains neither 
multiple edges nor loops. A graph is denoted by G = (V(G), E(G)) with n vertices and m edges 
where V(G) = {v1, v2,-++ , Un} and E(G) = {e1,€2,--- ,e€m} denote the sets of its vertices and 
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edges, respectively. The degree of a vertex v in a graph G is the number of edges incident with 
v and is denoted by d(v) = dg(v). 

For simple graphs G; = (V;(G), E;(G)) with vertex set V; = {vji1, vie, +++ , Vin, }, the empty 
graphs of order n; are denoted by N,, = (Vi,¢), 1 = 1,2,---,k. A complete k-partite graph 
Kaw = BKnyjns. ny = (Vi, V2,:++ Ve, E) is said to be one spanned by the empty graph set 
MN ={Nn,,Nns,-++ ,Nn,}, denoted by Be ois Sng0E iG where 7% = {n1,n2,--- , ne}. 

In generally, for the graph set Y = {Gn,,Gn.,-++ ,Gn,}, the graph 


KG SK UG Gi UG (1) 


is said to be a generalized complete k-partite graph spanned by the graph set Y. 

For all graph theoretic terminology not described here we refer to [1]. Let G be a connected 
graph and Fy, Ey C E(E) with E, 4 Ey. The Smarandache (E,, E2)-number t*(E1, E2) of trees 
is the number of such spanning trees T in G with E(T)NE, 40 but E(T)N £2 =. Particularly, 
if FE, = E(G) and E = @, i-e., such number is just the number of labeled spanning trees of a 
graph G,, denoted by ¢(G). For a few special families of graphs there exist simple formulas that 
make it much easier to calculate and determine the number of corresponding spanning trees. 
One of the first such results is due to Cayley [2] who showed in 1889 that complete graph on n 


vertices, K,, has n”~? spanning trees. That is 
(kh, )an" for 7 2S 2. (2) 


Another result is due to Sedlacek [3] who derived in 1970 a formula for the wheel on n+ 1 
vertices, W,+41, which is formed from a cycle C, on n vertices by adding a new vertex adjacent 
to every vertex of C,. That is 


3+V75,,  3-Vv5 
zy tS 


)\"—2 for n>3. (3) 


Sedlacek [4] also later derived a formula for the number of spanning trees in a Mdbius 
ladder, M,,, is formed from a cycle C2, on 2n vertices ladder v1, v2,--- , van by adding edges 


UiUn+i for every vertex v;, where i < n. That is 
t(M,) = Sle + V3)" + (2— V3)" +2] for n>2. (4) 


In 1985, Baron et al [5] derived the formula for the number of spanning trees in a square 


of cycle, C?, which is expressed as follows. 
(02) =nF_{n}, n>5, (5) 


where F'_{n} is the nth Fibonacci Number. Similar results can also be found in [6]. 

The next result is due to Boesch and Bogdanowicz [7] who derived in 1987 a formula for 
the prism on 2n vertices, R,, which is formed from two disjoint cycles C,, with vertex set 
V(Ch) = {v1, V2,+-++ , Un} and CY, with vertex set V(C/,) = {vu}, v$,--- , vj, } by adding all edges 
of the form v,v;. That is 


t(Rp) = sle2 + V3)" + (2— V3)" -2] for n>3. (6) 
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In 2007, Bleller and Saccoman [8] derived a formula for a threshold graph on n vertices, 
Tn, which is formed from that for all pairs of vertices u and v in T,, N(u) —v C N(v) —u 
whenever d(u) < d(v). That is 


k s-1 


(Tn) =[ Jam [] Gy +0 (dear 404d, + 1), (7) 


where d(T,) = a, ay", = ,ds”*)) is the degree sequence of T),, dj < dj41 fori = 1,2,--+ ,s— 
1,k = [5+] and s=I(mod 2). 

In 2008, Bogdanowicz [9] also derived a formula for an n-fan on n+1 vertices, F,41, which 
is formed from a n-path P,, by adding an additional vertex adjacent to every vertex of P,. That 
is 


t(Frsi) = Pt) for eS 2: (8) 


2 (3zvByntr _ B4tV5 
5-3/5 2 2 


In this paper it is proved that: Let Ky, be a complete k-partite graph of order n where 


the vector 7% = {n1,N2,---, nef} andn=ny+no+---+n,z for 1 <k <n, then the number of 
spanning trees in K; 7 is 
k 
t(Kem) =n*? [] (n-ne. (9) 
i=1 


Moreover, let Kk te ~ be a generalized complete k-partite graph of order n spanned by the 
fan set F = {Fy,,Fn.,--+, Fn, } where 7 = {n1,1no,--- , ne} and n = ny + ng +---+ nx for 


1<k <n, then the number of spanning trees in Kee is 


KB gt-l — gm} 
t(Kgq) = n?*~? | [ +——-— eg) (10) 
i=1 % 4 


where a; = (dj + /d? — 4)/2 and B; = (dj — \/d? — 4)/2,d; =n — 14 +3. 

In particular, from (9) we can obtain Ki, = Ke with t(KS) = 0 and Kyz = Ky with 
t(K,) =n"? which is just the Cayley’s formula (2). From (10) we can also obtain Ki, = F, 
with t(K i) = (a®~!—8"—1)//5 where a = $(3+¥5) and 6 = $(3— V5) which is the formula 
(8), too. 


§2. Some Lemmas 


In order to calculate the number of spanning trees of G, we first denote by A(G), or A = 
(aiz)nxn, the adjacency matrix of G, which has the rows and columns corresponding to the 
vertices, and entries aj; = 1 if there is an edge between vertices v; and v; in V(G), aj = 0 
otherwise. 

In addition, let D(G) represent the diagonal matrix of the degrees of the vertices of G. We 
denote by H(G), or H = (hij)nxn, the Laplacian matrix (also known as the nodal admittance 
matrix ) D(G) — A(G) of G. From H(G) = D(G) — A(G), we can see that hi; = d(v;) and 
hij = —aaj if i A j. 
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A well-known result states the relationship between the number of spanning trees of a 


graph and the eigenvalues of its nodal admittance matrix: 


Lemma 2.1([{10]) The value of t(G), the number of spanning trees of a graph G, is related to 
the eigenvalues 1(G), A2(G),--- ,An(G) of its nodal admittance matrix H = H(G) as follows: 


0 =Ai(G) < A2(G) < +++ < An(G). (11) 


A classic result of Kirchhoff can be used to determine the number of spanning trees for G. 
Next, we state the well-known theorem of Kirchhoff: 


Lemma 2.2(Kirchhoff’s Matrix-Tree Theorem, [11]) All cofactors of H are equal and their 


common value is the number of spanning trees. 


Lemma 2.3 Let b > 2 be a constant, then the determinant of order m 


1 & a 1 
=f) be =t. x0 

Q™ pm 

= ib) 
0 0 aR? (12) 

O ioe. a 
0 G. Sih shes 
mxm 


where a = (b+ Vb? — 4)/2, 6 = (b— Vb? — 4)/2. 


Proof Let am stand for the determinant in (??) as above, by expending the determinant 


according to the first column we then have 


1 ib 1 1 
-1 b -1 0 
am =| 0 0 = Cm-1 + Am-1; (13) 
0 -1 Bb -1 
0 0 -1 6-1 sis 
where 
b -1 0O 0 
-1 6b -1 0O 
CAS) 0 = bCm—1 — Cm—2 (14) 
0 -1 6 -1 
0 0 -l1 b-1 irae 


in which cg = 1, c; = b— 1 and cg = b? — b— 1. 
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Constructing a function as follows: 


f(x) = S Cee, (15) 
m>0 
then 
f(z) =14+(b-Dat YO enz™ 
m>2 
=14(b-—1lat YS (bem-1 — Cm—2)2™ 
me>2 
=1+(b-1)a + ba( f(x) — 1) — 2? f(a), 
i.e. 


—¢7 mt+1 m 
f(x) = ee An S- caddies ee (16) 


where a = (b+ Vb? — 4)/2 and 6 = (b— Vb? — 4)/2 which is just the two solutions of the 
equation x? — br +1=0. 
Thus, from (11.4) and (11.5) we have 


qimtl 4 gm 
om = (17) 
Since 
1 1 1 
az =| —-1 b 1 =b? -l=@+a+4+069, (18) 
0 -1 b-1 


from (11.2),(11.6) and (11.7) we can obtain that 


" —- m1 qkt1 af pr qm — pm 
m = k — = 
k=0 =, Te ae 
§3 Complete Multipartite Graphs 
For a complete k-partite graph Ky of order n where the vector 7 = {ni,n2,---, ne} and 


n=nitnot:--+ny forl <k <nwith ny > ng >--- > ng. Let V(Ke x) = Vi UV2U--- UV 
be the & partitions of the graph K;,% such that |V;| =n; for i = 1,2,---,k. It is clear that for 
any vertex v; € V;, d(v;) =n—n, fori = 1,2,--- ,k. So the degree sequence of vertices in Ky.7 


(Kx) = ((n — 1)", (n — ng)”, +++ 5 (m— nK)”*). (19) 


Now, let £; be an identity matrix of order i, [jx; = (1)ix; a total module matrix of order 
ix gj and O;x; = (0)ix; a total zero matrix of order i x j. Then the diagonal block matrix of 
the degrees of the vertices of Ky corresponding to (12) is 


D( Kx) = (Diz )exk, (20) 


The Number of Spanning Trees in GeneralizedComplete Multipartite Graphs 99 


where Dy = (n— nj) En, and Diy = On, xn, when i 4 j for 1 < i,j <k. The adjacency matrix 
of Ky, corresponding to (??) is 
A( Kun) = (Aaj )kxk (21) 


where Ajj = On, and Ajj = In;xn, wheni #7 for 1 <i,j <k. 
Thus, we have from (13) and (14) the Laplacian block matrix (or the nodal admittance 
matrix ) of Krz 
A(Krx) = D( Kez) — A(Kem) = (ij )exe (22) 


where Hy; = (n — 14) En, and Hyj = —In,xn, when i # j for 1 <i,j < k. 
Theorem 3.1 Let Ky7x be a complete k-partite graph of order n where the vector N = 


{n1,M2,°-+, ne} andn = ngtnot--- tne forl <k <n withny > ng S>--: > ng. 


Then the number of spanning trees of Ky 7 18 


i(Kpn) =n*-? [Te Ss inaie (23) 


Proof According to Lemma 2.1, we need to determine all eigenvalues of nodal admittance 
matrix H(Ky 7) of Kym. From (15) we can get easily the characteristic polynomial of H(K;,z) 


as follows: 
A(Kix) — AE| = 
(n —ny— NJ En, —Iny xno ae —Inyxne (24) 
—Inoxny (n — n2—- \) Ens at —Ingxme 
—Tesonh —Ingxne aa (n — Nk — A) Eng 


nxn 

Since the summations of entries in every column in |H (Ky) — AE| all are —, by adding 
the entries of all rows other than the first row to the first row in |H(Ky,7) — AEF], all entries of 
the first row then become —A. Thus, the determinant becomes 


|H (Kya) — AE| = 


(25) 


where 


1 Ease 
Ht = di (26) 
O(n—1)x1 (n— ni — A) E(ny-1) 


nyxXni, 
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and the stars ”*” in (18) stand for the matrices with all entries in the first row being 1. By 
adding the entries in the first row to the rows from row n, + 1 to row n in the determinant 
(18), it then becomes 


|H (Kx) — AE| = 
ek Onexni (n — Nn: — N) En. + Ino eet Onoxng 
On, x4 On, xno a (n — Nk \) En, + In, Lake 
Le. 
|H(Knn) — BE] = AAT) [] (nm -ni- En, + Inil- (27) 
1<i<k 
From (19) we have 
1 Nixn 
Hi | = pe = (n= m — AMO, (28) 
On, x1 (n ny \) En, 
For 1 <i< k we have 
n—X2X n— A)Tixin;— 
\(n — ny — A)En, + In, = ( ) 1x (nj; 1) 
Leg tis, (Ae Nagel 
Le. 
1 Lixing— 
(rn — ni — ANEn, + Ini] = (n—) eS) 
Ome iet (i > AE (29) 
=(n—-A)(n-—nj — A). 
By substituting (21),(22) to (20) we have 
k 
|H (Km) — XB| = —A(n — A) YT] (n = 4 — Ay. (30) 
i=1 
So, from (23) we derive all eigenvalues of H(K;,7) as follows: 4; = 0 and 
(n; — 1)-multiple roots Ajqi(Key gw) =n—-— mi, t=1,2,--- ,k: 
(31) 
(k — 1)-multiple root A,(Ki x) =n. 
By substituting (24) to (11) we have 
1 n k 
t((Kin) = — i(Ken) = n*-? =n)". 2 
(Kem) =~] (Kun) = nb? [] (n= rs) (32) 
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This is just the theorem. 


Corollary 3.2 (Cayley’s formula) The total number of spanning trees of complete graph Ky 
18 


t(Kn) =n"-?, (33) 


Proof Let k =n, then ny = ng =--: =n, =1 and Kyz7 = Kn. By substituting it to (25) 
we then have 


§3. Generalized Complete Multipartite Graphs 


For a generalized complete k-partite graph K fae of order n spanned by the fan set ¥ = 
{Frys Fino. ++ > Fn, } wheren =n, 4+n2+---+nx with ny > ng >--- > ny forl <k <n. It is 
clear that the degree sequence of vertices of the fan F,, in K oe = 


d(F,,) = (n— 14 +2, (n— 1; +3)", n— 1; +2,n—-1) (34) 
for 1 =1,2,---,k. So the degree sequence of vertices of Kz, is 
d( Kx) = (d(Fin.)s@(Fng)s*** a Pag): (35) 


Now, the diagonal block matrix of the degrees of the vertices of K ios = corresponding to (28) 


D(Kez) = (Dij)exk; (36) 


where from (27) we have 


Dj, = diag{n — nj + 2,n—nj +3,---,n-—nj +3,n—n; +2,n— 1} (37) 


and Di; = On;xn; When i # j for 1 <i,j7 <k. 
The adjacency matrix of Kj, corresponding to (28) is 


A( Kia) = (Aij)exks (38) 
where 
0 1 1 
1 O 1 
Ay = Mes (39) 
0 1 
1 1 1 
nixny 


and Ajj = In;xn,; when i # j for 1 <i,j7 <k. 
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Thus, we have from (29) ~ (32) the Laplacian block matrix (or the nodal admittance 
matrix ) of Ke. 


H (Kia) = D( Kia) — A(Kea) = (Hig )ixes (40) 
where 
Ay = Dix — Ai = 

d;—1 -1 —1 

1 d; -—1 —1 
(41) 

-1 dad 1 
-1 d;-1 -1 
eles Ss) -1 n-l1 
NEXNG 


with dj =n—n, +3 and Hy; = —In,xn,; wheni #9 for 1 <1,j <k. 
Theorem 4.1 Let Ke be a generalized complete k-partite graph of order n spanned by the 


fan set F = {Fy,, Fro,-++ , Fn, } where T = {n1,1n2,--- ne} andn =n, + ng +--+ ng for 


1<k<«<n, then the number of spanning trees in Kin is 
k ni—1 ne—l 
gt pm 
i(Keq) = n?*-? [| + —_—_— 42 
ce —_ (42) 


where a; = (d; + \/d? — 4)/2 and 8; = (d; — /d? — 4)/2,d; =n—-—n; 4+ 3. 


Proof According to the Kirchhoff’s Matrix-Tree theorem, all cofactors of H(K - are 
equal to the number of spanning trees t( Kn). Let H*(K%,) be the cofactor of A(Kj) 
corresponding to the entry hy,» of A(Kga); then 


t(Ke,) =|F* (Kea) = 
Ay, aaa —In, xn; rook —Lny x (np—1) 
(43) 


—Ingxny ve Ai; ooo —Th,x(ne-1) 


—Ln,-1)xn1 ak —Ling—1)xni as yy, 


where 
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=i 


dr -1 
-1 d-1 


(np—1) x (n4—-1) 
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Since the summations of entries in every column in |H*(K iw) all are 1 by adding the 
entries of all rows other than the first row to the first row in |H* (KR) the entries of the first 


row become 1. By adding the entries in the first row to the rows from row nj + 1 to row n— 1 


in the last determinant, it becomes from (36) and (37) 


where 


|H*(Kiz)| = 


t(Ken) =|H*(Kia)| = |Hn,|- 


* 
|Z, | ~~ 


* 
Ay, 


On, xn 


O(ng—1)xn1 


-1 -l 


O(ng—1)xni 


1<i<k 
1 1 
—1 
dy —1 -1 
-1 d,-1 -l 
1 1 n 


II [Hie Ty, 


1 


ne—-1 


pals 


nyxXnyi, 


(45) 


by adding the entries in the first row to the correspondence entries of the other row in |H;,, | 


we then have 


* 
|Z, | — 


1 1 
0 d+l 
1 

1 
1 
0 0 


1 

iL 
1 
dj+1 0 
0 dy 
0 0 


NyXNy4, 
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Le. 
1 1 1 
0 dj+1 0 
\qnl="} 1 
1 0 
1 bg 1 
It is clear that 
d; 0 
0 dj+1 
|Hi + In,| = : 
1 
1 
0 
Le. 
d; 0 
0 dj+1 
|Hig +In,] =n] 1 
1 
1 


1 
1 
1 
Hat: 0 
ee RE eee Si iad) 
i eee 
0 1 
1 
O<*deet, 0 . 
1 oO 4d 0 
On Pus 
1 1 
0 1 
i 
0: Aaa) 20 
Bs) ON. GH lexan a 


Since the summations of all entries in every column in the | 


1 1 
0 d;+1 
|\His+In,J =n? | 4 
1 
1 
and 
dr 0 1 
O dy+1 0 
|Hy,-1l = 1 
1 0 
1 ae 1 


Similarly, we have 


dy +1 


dy, 


Oo 


ast determinant, we have 


(nj—-1)x (ni-1) 


(nk-1)x(ne—-1) 


(46) 


(47) 
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Beate Re, (48) 
1 0 det+1 0 
ee a 0 dp 


(np—-1)x (n~—-1) 


By substituting (39),(40) and (41) to (38), it becomes 


0 d,+1 0 1 ; 
i ne II 1 fe ne a 1 


1<i<k 
1 0 d+1 0 
1 1 0 di; 
(nj—-1) x (ni-1) 
or 
1 1 1 1 
-1 d, -1 0 
(Kea) =n TT) o 0 (49) 
1<i<k 
0 -1 dG -l 
0 0 -1l d-1 
(nj—-1) x (ni-1) 
Thus, from (11.1) and (42) we have 
F 2k—2 ay) — ppt 
C6 es aan (| et (50) 


1<ix<k 


where a; = (dj + \/d? — 4)/2, 8; = (di — /d? — 4)/2 and dj =n-—nj, +3. 


This is just the theorem. 


Corollary 4.2 The total number of spanning trees of a fan graph F,, is 


t(Fn) = s(a"* — B") (51) 


=: 
V5 
where a = (3+ V5)/2 and B = (3 — V5)/2. 


Proof Let k = 1, then nj = n and Kee, = F,,. Substituting this fact into (35), this result 
is followed. 


106 Junliang Cai and Xiaoli Liu 


References 


[1] J.A.Bondy and U.S.R.Murty, Graph Theory with Applications. The Macmilan Press LTD,1976. 

[2] G.A.Cayley, A Theorem on Trees. Quart. J. Math.,23,(1889),276-387. 

[3] J.Sedlacek, Lucas Numbers in Graphs Theory. In: Mqthematics(Geometry and Graph 

Theory)(Chech.). Univ. Karlova, Prague, (1970),111-115. 

J.Sedlacek, On the Skeleton of a graph or Digraph. In: Combinatorial Structures and 

Their Applications(R.Guy,M.Hanani,N.Saver and J.Schonheim,eds.),Gordon and Breach, 

New york(1970),387-391. 

5] G.Baron,F.Boesch,H.Prodinger,R.Tichy and J,Wang, The Number of spanning trees in the 

Square of Cycle. The Fibonacci Quart., 23,(1985),258-264. 

6] G.J.F.Wang and C.S.Yang, On the Number of Spanning Trees of Circulant Graphs. Inter. 

J. Comput. Math.,16 ,(1984),229-241. 

7| G.F.T.Boesch and Z.R.Bogdanowicz, The Number of Spanning Trees in a Prism. Inter. J. 

Comput. Math.,21,(1987) 229-243. 

8] S.K.Blelleer and J.T.Saccoman, A Correction in the Formula for the Number of Spanning 

Trees in threshold graphs. Australasian of Combinatorics,37 ,(2007),205-213. 

9] Z.R.Bogdanowicz, Formulas for the Number of Spanning Trees in a Fan. Applied Mathe- 

matical Sciences,2,(2008),781-786. 

[10] V.M.Chelnokov and A.K.Kelmans, A Certain Polynomial of a Graph and Graphs with an 

Extremal Number of Trees. J. Combin. Theory, Ser. B, 16,(1974),197-214. 

[11] G.G.Kirhhoff, Uber die Auflésung der Gleichungen, auf welche man bei der Untersuchung 
der linearen Verteilung galvanischer Strme gefhrt wird. Ann Phys. Chem., 72,(1847),497- 
508. 


[4 


